Th e contribution enquires into possibilities of application of the heuristic methods in the teaching process, specifi cally its applications during the classes of mathematics in grammar school. In the frame of the research the infl uence was monitored of the unconventional way of solving problems during classes of mathematics in relation to the evaluation of educational advancements. Furthermore, pupils evaluated their attitude towards mathematical study including their viewpoint on problematic exercises in maths and the successfulness of solving these mathematical exercises was also evaluated. Th e results of the experimental group were compared to the same areas in the control group.
Introduction
A number of research studies in didactics have, in the last 5 -10 years, tackled the issue of problem-oriented strategies within teaching with the strategies structured under a variety of names as well as in diff erent subtleties: problem-based learning, heuristic teaching, research-oriented teaching, learning-activating methods, etc. Introducing problem teaching/learning into the real procedure of education oft en occurs spontaneously, unsystematically, and is backed up by teachers' enthusiasm rather than their deeper understanding of the issue background of problem-oriented strategies in learning activity management. Satisfactory answers to questions asked in relation to problem-based teaching and learning can only be off ered by a long-term, thought-through and well-organized implementation of the above-mentioned strategies, and it should not be limited to specifi c -and in principle isolated -educational contents only, but is to focus on creating pupils' general competences aiming at the very usage of eff ective strategies in problem-solving as well as developing self-regulatory and autodidactic skills in learning individuals. Th e presented paper aims at introducing selected results of particular long-run experimental teaching, concerning solving problems in mathematics with the use of heuristic strategies.
Theoretical background
Approaches to teaching focused on introducing problems and solving them can hardly be considered a unique and whole paradigm with its own theoretical framing. Problem-solving learning methods are understood to be a specifi c variety of heuristic teaching approaches. Such approaches are to be deduced from Socrates' Maieutic method, which is dialogue-based, and concerns features signifi cant at a personal level. Pupils are exposed to known units in a new context, i.e., confronted with their ideas and transposed to a contradiction (aporia). Th is cognitive confl ict can be approached as a problem. Excluding individual hypotheses, the pupil gradually reaches their knowledge and axioms on which the knowledge has been based (Kanakis & Chatzidimou, 1980) . Heuristic teaching methods are not to be limited to teaching through dialogue. In a broader context, they cover larger complexes of learning activities, including problem identifi cation, formulation of hypotheses, asking questions, observation, experimenting, collecting data and its evaluation, comparison, discussion, generalization, result verifi cation, etc. (Boud & Felletti, 1997) . Th e wide spectrum of heuristic teaching methods, in its complexity, comprises other specifi c approaches such as problem-based learning and research-oriented teaching along with inquiry-based learning. Among the above-mentioned approaches, we trace many analogies and thus defi ne several basic features found in these attitudes: the core of the teaching-learning process is the student's own activity; the teacher's function is that of a facilitator of the educational process, and they also, in cooperation with their pupils, set problem issues, incite cognitive confl icts within students' preconceptions and reality, set conditions for their individual observation, experimenting, tackling information, correct pupils' possible errors and help them verify results or help them solve problems the students have encountered. Th e aspects mentioned are rooted in educational constructivism. Constructivism is considered as a major theoretical basis in pupils' learning activity management applied within heuristic approaches. A problem-solving individual faces their confrontation and uses their personal experience and their own cognitive processes in the teaching-learning situation. Th e determining element in the comprehension of reality is the learner's personality, and they invent their particular reality through their learning activity (McInerney & McInerney, 1998) .
Th e Czech didactics of mathematics used the term of so-called problem-based learning in the 1960s. Th e leading personality in the branch of mathematics didactics of that time was Jan Vyšín, whose ideas of problem-based learning were followed by other writers developing the constructivist approach in teaching mathematics. Let us point out František Kuřina (e.g., Kuřina 2011) and Milan Hejný (Hejný and Kuřina, 2009) . Naďa Vondrová (Stehlíková, 2007) and Darina Jirotková (Jirotková, 2010) are today's representatives of the constructivist approach in the didactics of mathematics.
It has been generally approved that effi cient mathematics teaching consists in solving problems, as it is referred to in the curricula fi les (Jeřábek, Lisnerová, Smejkalová, & Tupý, 2013) . Th e issues of solving problems have been the subject of research for a long time and has been viewed from many perspectives (for more detail cf., Silver, 1985) .
Th e student's ability to acquire a selected heuristic strategy depends on not only the teaching-learning environment, but also the inner dispositions of the learner, mainly his or her attitude to problem solving with the use of heuristic strategies. Pajares & Kranzler (1995) state that the generally accepted truth of the learner's self-confi dence in problem solving is positively refl ected in the very ability to solve problems and helps them lower their mathematical anxiety.
Practical part

Research design
Th e conducted research study was based on long-term and systematic application of problem-solving learning in mathematics classes at grammar school. Within our research, three causal research problems were stated: RP1: What is the infl uence of alternative methods of problem-solving on educational processes when applied while teaching mathematics at grammar school?
RP2: What is the infl uence of alternative methods of problem-solving on longitudinal changes in commonly used problem-solving strategies in mathematics at grammar school? RP3: What is the infl uence of alternative methods of problem-solving on the learners' attitudes to maths education and problem-solving at grammar school? Th e three formulated research problems consequently led to the following research objectives:
1. Find out what the students' evaluation of educational processes used by their teachers in mathematics classes in the experimental and control groups are. 2. Find out what longitudinal changes take place within applying strategic maths problems solutions aft er systematic implementation of problem-based learning methods has ceased. 3. Find out what the learners' attitudes to maths education in the experimental and control groups are. Tackling research problems and fulfi lling the stated objectives of the research study, a quantitative research design with a quasi-experimental base was decided on. Th e class with long-term unconventional problem-solving methods used was the experimental group. Th e control group was, thus, the class with traditional teaching methods, with a lack of systematic problem-solving teaching methods.
On the basis of the determined research objectives, research hypotheses were formulated:
HO1: Using educational processes in teaching mathematics positively inciting individual problem-solving is highly appreciated by the learners in the experimental group rather than the learners in the control group. HO2: Immediately aft er ceasing the systematic implementation of problem-solving learning methods in mathematics classes, the students use heuristic strategies more oft en than they will do within half a year aft er the problem-solving teaching has stopped. HO3: Th e students in the experimental group show better attitudes to mathematics education along with solving problems compared to the control group learners. Verifi cation of the research hypotheses with the use of adequate inductive methods of statistical analysis of data was realized at the signifi cance level α=0.05. Comparing data obtained by interpreting individual items on the interval measurement level, F-test was fi rst used, and consecutively an adequate type of t-test to set congruous and incongruous variance. To compare data obtained through evaluating items at the nominal measurement level, chi-squared statistics test of independence was used.
Th e experiment took place between September 2012 and February 2014 at Jan Neruda Grammar School, Prague (Gymnázium Jana Nerudy v Praze). Th e participating 20 students were 16 years old when the experiment started. Th e class curriculum does not belong to any specifi c branch of study (specialization). Jiří (aged 34, with 8 years of teaching experience) is a maths teacher for the mentioned group of students. In 16 months the learners were introduced to a selection of heuristic problem-solving strategies through solving problems, where the heuristic problem-solving strategies were the most effi cient. Th e control group was designed to resemble the experimental group in as many features as possible (sample size, average of mathematics performance, etc.).
To realize the research study, two research tools were used -a questionnaire and a didactic test.
Th e educational procedures questionnaire used is a non-standardized research tool designed by the authors of this article. It consists of 26 entries that can be divided into two categories depending on their construct as follows:
 Entries 1 -21 were constructed using a Likert scale within the interval measurement principle. Th ese entries came to existence through adapting the observation protocol focusing on the concepts of teaching and evaluation. Th e scales are fi ve-point, rated from 1 to 5 where value "1" represents a negative answer to a given question, disagreement with a given statement or zero incidence of the phenomenon; and where value "5" represents agreement, a positive stance or high frequency of occurrence.  Entries 22 -26 were constructed using the nominal measurement principle, with the respondent selecting the one that best represents their answer from the varieties suggested. Considering the focus content of individual questionnaire entries, a selection of fi ve item groups based on the following can be elicited:
1. evaluating work with educational content, 2. evaluating learners' class activity management in mathematics classes, 3. evaluating feedback information within mathematics classes, 4. evaluating the attitude towards mathematics as a school subject, 5. evaluating approaches to solving mathematics problems. Th e experimental group students wrote a didactic test at the end of the teaching experiment and also eight months aft er the experiment had ceased; the test included eight problems. In the text to follow, we refer to these particular tests as fi nal and retention tests. All the problems in the written tests were evaluated on the grounds of successful solutions to a given problem. A successful problem solution in all three tests was not strictly linked to unconditional content-of-teaching knowledge which had been discussed in class between September 2012 and June 2014.
Research study evaluation
Data evaluation was carried out with respect to the research hypotheses formulated. First, let us concentrate on items referring to the evaluation of dealing with the teaching content. Th e experimental group's (xo EXP ) answers in their arithmetic mean were tabulated; the control group's answers in their arithmetic mean (xo REF ); the value of test criteria in t-test (t); the value of observed level of signifi cance in test criteria (P) ( Table 1) . Th e teacher of the experimental group assigns tasks considerably more oft en, so the pupils need to use other sources of information and not their textbooks only; other sources include the Internet, encyclopaedias, computer databases, etc. Conversely and statistically considerably less oft en, the experimental group's teacher links the students' knowledge previously acquired in other subjects to the current teaching content. Heuristic strategies (in problem-solving) encourage learners to use diff erent ways of thinking rather than relying on cross-curricular knowledge.
We introduced the evaluation of the results to the students' answers in both groups, concentrating on the learners' evaluating their pupils' learning activity management (Table 2) .
Such teaching-learning activities, typical of constructivist and education-centred strategies, were signifi cantly more oft en appreciated by the respondents in the experimental group; dialogues between teacher -learner as well as learner(s) -learner(s) were applied, methods of punishment were less frequent and we could notice that the teacher paid more attention to gift ed pupils.
Th e following table (Table 3) presents the results of the students' answers evaluation within both groups, in entries concentrating on the evaluation of feedback.
Diff erences between the two groups and the respondents' evaluations only diff ered in such cases where the teacher allowed their students to be present at the achievement assessment. Statistical signifi cance sides with the experimental group. We may assume, with regards to the fact that discussing hypotheses or discussing formulated conclusions are part of the problem-solving process, that the students largely participated in the evaluation process and would grab the opportunity to express their ideas on the procedures and results of solutions to the problems with their peers.
Another group of entries dealt with the attitudes of the respondents in both groups to the subject of mathematics as a school subject (Table 4) .
Th ere are no signifi cant diff erences between the experimental and control groups' answers. Understanding maths as an important school subject is predominant in the respondents' attitudes. Th e absolute frequencies of the respondents' answers to the question: "Why do you think mathematics is taught at school?" are displayed in the following table (Table 5) .
No statistically signifi cant diff erence (χ² = 1.679; P = 0.642) was found in the answers between groups. Unambiguously, the students thought that mathematics is ubiquitous and interweaves with everyday life. Th e frequency of other answers is principally marginal.
Th e last group of analysed items involved the students' attitudes to problem-solving. Table 6 displays evaluation of interval entries.
Th e experiment showed that educational strategy oriented to unconventional ways of problem solving did not give rise to statistically signifi cantly diff erent approaches to solving mathematics problems in the groups of experimental and traditional teaching-learning.
A diff erence of statistical signifi cance was traced in communication. Solving problems with the use of heuristic strategies requires a diff erent communication model to what is the trend in traditional learning. Mutual communication among learners themselves becomes especially important. Detailed analysis of procedures used to reach solutions to problem tasks is shown in Table 7 . Th e prevailing majority of respondents were able to explain the procedure they used to their peers, if asked. However, this ability occurred with the students in both the experimental and control groups. Th e frequency of answer alternatives suggested does not show a statistically signifi cant diff erence (χ² = 2.812; P = 0.589).
Item No. 23 refers to the approaches chosen by the student in the cases of not full comprehension of the problem assigned; the frequency of particular approaches selected is shown in Table 8 . In the case that the student did not understand the mathematics problem assigned, the most common procedure used within both groups was asking a schoolmate. Such a procedure can simply be labelled as utilitarian and is viewed as the most effi cient from the student's perspective. Th e best valued approach allows the student to fi nd the solution using their own, individual devices. Nevertheless, such an approach was opted for in the minority of cases. Th ere are no vast diff erences with statistical signifi cance between the control and experimental groups (χ² = 5.869; P = 0.209).
Item No. 24 covers the students' answers to the question whether they enjoy solving mathematics problems (Table 9 ). Similarly, no major statistically signifi cant diff erences were found within the two groups (χ² = 4.545; P = 0.337). In both groups, "somewhat interested" pre-vailed for an answer, which we understand as a positive result. Th e students also frequently opted for expressing, principally, a rather indiff erent attitude to solving maths problems. Item No. 26 covers possible approaches in the cases where the adopted algorithm to tackle a problem leads to no success. Th e frequency of the students' choices within answering the question to describe the procedure they used is displayed in Table 10 . Th e preference of individual approaches does not show statistically signifi cant diff erences in the experimental and control groups (χ² = 7.854; P = 0.097). We consider it to be a positive result that none of the learners gave up their task; the learners attempted at systematic ways of solving a problem by using several ways of handling the problem instead of giving up.
Th e results of fi nal didactic test were described in detail in Eisenmann, Novotná, Přibyl (a). Our paper compares the students' results in the fi nal (February 2014 -end of experimental teaching) and retention (written eight months aft er the experiment had fi nished) tests. Correct solutions to the given problems in both tests were the observed aspect. Th e rates of correctly solved problems to the total of problems assigned to all the students in the outcome tests was 76% and 82% in the achievement test. Comparing individual students' achievements, paired t-test was used (cf., Table 11 ). Based on the assumption that both picks come from a normal distribution (as suggested by the character of the results), we tested null hypotheses of expected value to be equal. Th e result is obvious: at the 5 % level of signifi cance, the students obtained considerably better results in the retention test.
Discussion
In the fi eld of the learners' class activity management in mathematics classes, the major diff erence was noted between the control and experimental groups. In accordance with the theoretical premises, the largest diff erences refer to communication patterns applied within lectures.
Problem-based learning accentuates dialogue methods of teaching on a much broader scale, and the methods infi ltrate all of the problem-solving procedure steps. Communication among peers was far more common in the experimental group. Changes to the teacher and student roles in problem-based learning are shown in the allowed range of evaluation of education outcomes and the teacher accepts the specifi cities of their students to a greater extent. Th e results show that the experimental group students were allowed more independence in solving rather challenging maths problems. Th e research hypothesis that using educational processes (in mathematics classes) which positively incite individual problem solving are highly appreciated by learners in the experimental class rather than learners in the control group was confi rmed. It needs to be stated that, at a more general level, we had expected more diff erences between the learners' class activity management in both groups than those found. Th at could be explained by the character of teaching maths, where even traditional class management off ers a large scope of problems that, up to a certain level, always consist in the problem-solving approach.
Th e students' experience with mathematics problems in both group types also show results in the evaluation of other questionnaire items focused on procedures in solving maths problems. It turned out that the students' approaches in the experimental and control groups were identical. Th e learners prefer to fi nd solutions independently, or they seek solutions in cooperation with peers. Both approaches might be considered required, and if taken from the perspective of the educational process, also required and recommended (cf., e.g., Montague, 2003) .
As far as the students' attitude to mathematics education and mathematics teaching is concerned, the control and experimental groups show no statistically signifi cant diff erences. Th e learners primarily realize the importance of mathematics, not only for their further studies, but also for their everyday life.
Speaking of the evaluation of the didactic test, the result comparing achievement rates in both the outcome and achievement tests is clear: the pupils obtained signifi cantly better results in the achievement test. Th e development of the learners' ability to solve problems is understandably also supported by more mathematics education in-between. On the other hand, aft er completing the outcome test, the long-term intensive experimental teaching stopped and we expected the ability to solve problems using heuristic strategies eight months aft er the end of the experiment to sink slightly. Since the problems in both tests were solved effi ciently and with the use of heuristic strategies, we may state that HO2 was not confi rmed.
To conclude, let us point out an interesting relation to the characterization of the pupils in the experimental group, where the CPS structure (Culture of Problem Solving) was used. It involves the structure of internal factors infl uencing the student's achievement, as described, e.g., in Eisenmann, Novotná, Přibyl ( 2014) . Within the frame of a long-term experiment, the pupils in the experimental group were tested in four components of the CPS structure:
1. Intelligence 2. Creativity 3. Reading comprehension 4. Using current knowledge in mathematics All the components except "intelligence" improved between the starting and fi nishing points. A slight rise was noted in "reading comprehension", while "creativity" scored a considerable increase, especially in the fi elds of fl uency and fl exibility. Th e detailed results were analysed and interpreted in Eisenmann, Novotná, Přibyl (a). We think the consolidation of the learners' ability to solve problems with the use of heuristic strategies described above may be related to the surge in "reading comprehension" and mainly "creativity".
Conclusions
Th e paper has introduced results of a research study which attempted at complex comprehension of problem-based mathematics learning with the use of heuristic strategies, solving mathematics problems at the longitudinal level. Th e results show that the students mastered heuristic problem-solving strategies in mathematics and were able to implant them effi ciently even 8 months aft er the end of the teaching/learning experiment had stopped. Such a result may be linked to the development of fl uency and fl exibility, proven within the experiment. Sadly, we did not prove a steadier change in the students' approaches to mathematics as a school subject. In the fi eld of pupil learning activity management, diff erences are to be noticed mainly in the change of the traditional model of pedagogic communication. Above all, it is discussions among the students along with discussions between the students and the teacher that are the core of problem-oriented learning, which responds to the change in roles of learners and teachers in alternatively designed models of learning activity management. Th e results of this paper show that heuristic methods of solving mathematics problems are benefi cial where the educational process is to be made more effi cient and leads to students' desirable competence in their own independent and creative problem solving. Th e experience gained in experimental teaching of mathematics is inspirational for teaching other school subjects, where the analogical concept of scholar-oriented education can be applied.
